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Two-player zero-sum games

Consider a two-player zero-sum game with a payoff matrix A2 [ 1;1]™ ™

(my, my: the number of actions of x- and y-players)

1. X-player and y-player simultaneously choose strategies x 2 Ay, andy 2 Ap, ,
respectively. ( m =Tx 2[0;1]™: kxk; = 1g: the (m  1)-dimensional probability simplex)
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Two-player zero-sum games
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Example 1. Rock-Paper-Scissors

y-player

G & 7

@ 0;0 [1; 1 11

X-player é%]) 1:1| 0;0 [1; 1

@ 1; 1 1;1] 60

payoff matrix of the game

@)
0

A=0@ 1
1

1
0

1

1
1 A

0
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incentive to deviate
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/ Cannot be used when the payoff matrix is unknown
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Nash equilibrium: a pair of (possibly randomized) actions in which no player has an
incentive to deviate
De nition (Nash equilibrium)
A pair of probability distributions (X ;y ) over action sets [my] and [my] is an
"-approximate Nash equilibrium if

XAy " X TAY X TAY+" 8X2AmYy 2 Am,:

In the Rock-Paper-Scissors example, the pair X = (1=3;1=3;1=3);y = (1=3;1=3;1=3) is a
Nash equilibrium.
A Nash equilibrium can be computed by linear programming, but ...

/ Can be computationally infeasible for large-scale payoff matrices

/ Cannot be used when the payoff matrix is unknown

¥ solution: learning in games
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Learning in games

Learning in games

Multiple players interact in a shared environment,

each aiming to maximize their total rewards (= minimize their regret)
by iteratively adapting their strategies based on repeated interactions
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Learning in games

Multiple players interact in a shared environment,

each aiming to maximize their total rewards (= minimize their regret)
by iteratively adapting their strategies based on repeated interactions

Broader applications
Minimax optimization (e.g., miny maxy x~Ay)
Multi-agent reinforcement learning
Superhuman Al for poker, human-level Al for Stratego
Alignment of LLMs



.. 8
Learning in two-player zero-sum games e
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(mx, my: the number of actions of x- and y-players)

1. Xx-player selects a strategy x(t) 2 Am, and y-player selects y(® 2 Am;
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(mx, my: the number of actions of x- and y-players)
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2. x-player observes a expected reward vector g(t) = Ay(!) and
y-player observes a expected loss vector (1) = A>x(1);
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Learning in two-player zero-sum games with an unknown payoff matrix A 2 [ 1;1]™ My

(mx, my: the number of actions of x- and y-players)

Ateachround t =1;:::;T:
1. Xx-player selects a strategy x(t) 2 Am, and y-player selects y(® 2 Am;

2. x-player observes a expected reward vector g(t) = Ay(!) and
y-player observes a expected loss vector (1) = A>x(1);
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Learning in two-player zero-sum games with an unknown payoff matrix A 2 [ 1;1]™ My

(mx, my: the number of actions of x- and y-players)

Ateachround t =1;:::;T:
1. Xx-player selects a strategy x(t) 2 Am, and y-player selects y(® 2 Am;

2. x-player observes a expected reward vector g(t) = Ay(!) and
y-player observes a expected loss vector (1) = A>x(1);

3. x-player gains a payoff of hx(V): Ay(®Dj = hx(®; g®)j and
y-player incurs a loss of hx(®); Ay(®i = hy(®); «(Dj; (thus zero-sum)

The goal of X-/y- players is to minimize the regret (without knowing A):
Reg;{;g = MaxXx 2Am, ;r:th ;g(t)i ;r:lhx(t);g(t)i ’

P
Reg;‘ = maxy 2An, thlhy(t); «(V)j tT:1hy (D) -
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A pair of probability distributions (X ;y ) over action sets [my] and [my] is an
"-approximate Nash equilibrium if

XAy " X TAY X TAY+" 8X2AmYy 2 Am,:

Theorem (Freund and Schapire 1999)
Letgr =1 [ x®andyr =1 [, y® be the average plays. Then its product
distribution (Xt;y7) is a ((Reg;g + Reg;\)=T)-approximate Nash equilibrium.
a When the X- and y-players use standard online convex optimization algorithms,
we can guarantee O(1=" T) convergence to a Nash eq! (w/ uncoupled dynamics)
e.g., Hedge algorithm guarantees Reg,. g = @(p T) and Regy =6( T).
P, P N o
xO() £ exp( x ¢10s(1)) 81 2 [me]; yO() Zexp( y o_1%s(1)) 8 2 [my]

Q. Is this optimal rate in learning in games?
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Fast convergence in games

Hedge algorithm (recall g(®) :IAy(t) and ‘() = A>x(1));
t . X - ) . t . X . i .
xO@) LZexp x gs(i) 8i2[my]; yO@)Lexp y  “s(i) 8i2[my]
s=1 s=1

x; y 1= T: learning rate
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Hedge algorithm (recall g(®) :IAy(t) and ‘() = A>x(1));
t . X - ) . t . X . i .
xO@) LZexp x gs(i) 8i2[my]; yO@)Lexp y  “s(i) 8i2[my]
s=1 s=1 p
x,y 1= T: learning rate
Optimistic Hedge algorithm (A. Rakhlin and Sridharan 2013; S. Rakhlin and Sridharan
2013; Syrgkanis et al. 2015): . '
t) (i > . t) (i =, L
xO@i) L exp & gs()+ 0 1(i)  ; yO@) L exp y ‘() + ¢ 1()

s=1 s=1
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Optimistic Hedge algorithm (A. Rakhlin and Sridharan 2013; S. Rakhlin and Sridharan
2013; Syrgkanis et al. 2015): . '
t . X . . o t - X - . o
xO@)Zexp x  gs(i)+0c 1) 5 yO@)Zexp (i) + ‘¢ 1(i)
s=1 s=1

Theorem (Syrgkanis et al. 2015)

If x- and y-players fully follow optimistic Hedge with constant learning rates ; y ~ 1,
then Regy,, = G(1) and Regy- = G(1), which implies an G(1=T ) conv. rate to Nash.

Rough intuition: If the opponent uses a no-regret algorithm, then we can predict the
opponent’s next strategy y(t*1) (and thus gradient g(t+1) = Ay (t+1)),
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Optimistic Hedge algorithm (A. Rakhlin and Sridharan 2013; S. Rakhlin and Sridharan
2013; Syrgkanis et al. 2015): . '
t . X . . o t - X - . o
xO@)Zexp x  gs(i)+0c 1) 5 yO@)Zexp (i) + ‘¢ 1(i)
s=1 s=1

Theorem (Syrgkanis et al. 2015)

If x- and y-players fully follow optimistic Hedge with constant learning rates ; y 7 1,
then Regy,, = G(1) and Regy- = G(1), which implies an G(1=T ) conv. rate to Nash.

Q. What if the opponent does not follow optimistic Hedge with a constant learning rate?
Continuing with the algorithm may lead to a linear regret: Iﬂg,gz =Q(T).

a Solution (Syrgkanis et al. 2015): Monitor gradient variation gzikg ©) g(sﬂlk%, and if
it exceeds a threshold, switch to an algorithm with a worst-case regret of (" T)

(e.g., Hedge with learning rate of (1= T))
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Discontinuous behavior: A slight deviation of the %—Elayer from a given algorithm can
suddenly cause the x-player to suffer a regret of O(' T) ./ /

p_ adversarial scenario
6 T) y-player does not follow
: a given algorithm

honest regime

every player follows ~ &(1) V!
a given algorithm - amount of deviation

0 by y-player
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Discontinuous behavior: A slight deviation of the I%—_player from a given algorithm can

suddenly cause the x-player to suffer a regret of O(' T) ./ /

RegI

(T

honest regime
every player follows 6(1)
a given algorithm

Research questions

0

adversarial scenario
y-player does not follow
a given algorithm

amount of deviation
by y-player

Can we adapt to deviations of the opponent from a given algorithm?

Can we characterize regret and convergence rates to an equilibrium in such a

corrupted game?
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Research questions
Can we adapt to deviations of the opponent from a given algorithm?
Can we characterize regret and convergence rates to an equilibrium in such a
corrupted game?

Our contributions
Establish a framework of corrupted games, in which each player may deviate
from a prescribed algorithm
Give a nearly complete characterization of learning dynamics in corrupted
games, by deriving regret upper and lower bounds in (normal-form) two-player
zero-sum and multi-player general-sum games
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Learning in corrupted two-player zero-sum games
Lower bounds
Learning in corrupted multi-player general-sum games

Conclusion and discussion
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1. A prescribed algorithm suggests strategies ®(t) 2 Am, and p(t) 2 Am;
2. (corruption of strategies)

X-player selects a strategy x(t)  ®(t) t;gt) and

y-player selects y()  p®) Qgt);

3. x-player observes a expected reward vector g(t) = Ay(!) and
y-player observes a expected loss vector (1) = A>x(1);

Note: The corruption is allowed to depend arbitrarily on the past observations.

4. x-player gains a payoff of hx(©); g(j and y-player incurs a loss of hy (D; «(Dj

P P
Cumulative corruption of strategies: & = {:lk@(‘)kl, & = Izlkq(‘)kl
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We investigate a scenario where the observed utilities may also be corrupted.

1. A prescribed algorithm suggests strategies ®(t) 2 Am, and p(t) 2 Am;

2. x-player selects a strategy x(¥ (¥ 4 oY and
y-player selects y(¥  p®) qgt);
3. (corruption of utilities)

y-player observes a corrupted loss vector &) = «(U) e)(,t) for <) = A>x (),

x-player observes a corrupted reward vector () = g(® 1 ") for g(©) = Ay(t),
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We investigate a scenario where the observed utilities may also be corrupted.

At eachround t=1;:::;T:
1. A prescribed algonthm suggests strategies b(t) 2 Am, and p(t) 2 Am;
2. x-player selects a strategy x(¥ () 4 ty(t)
y-player selects y()  p®) Qgt);
3. (corruption of utilities)

X-player observes a corrupted reward vector g(t) = g(t) + elV for g® =Ay®),

y-player observes a corrupted Ioss vector &1) = «(t) 4 e&t) for <() = A>x(1).

hx(®);g®j . hy (®); (0
f i and y-player incurs a loss of orhy®):€0);

4. X-player gains a payoff of " ” e

Cumulatlvngorruptlon of strate'ges and utilities:
@X kQ(t)kl, @ — P ke)g )kl, and CX = @X + 2@)(
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We investigate a scenario where the observed utilities may also be corrupted.

Ateachround t =1;:::;T:
1. A prescribed algorlthm suggests strategies b(t) 2 Am, and p(t) 2 Am;
2. x-player selects a strategy x® %t + &{") and
y-player selects y(1) () - Qgt);
3. (corruption of utilities)

x-player observes a corrupted reward vector () = g(® 1 ") for g(©) = Ay(t),

y-player observes a corrupted loss vector &) = «(U) e)(,t) for <) = A>x (),

f hx (t g() . hy() (1)

4. x-player gains a payoff o orhx® g (V) and y-player incurs a loss of orhy (©):0)j

corrupted regime with no corruptions = the honest regime

corrupted regime w/ & = Q(T) = adversarial scenario for X-player



Our algorithm: Optimistic Hedge with adaptive learning rate™’*”

Syrgkanis et al. (2015): Optimistic Hedge with constant learning rate for the honest

regime
LAl 1y

- X - - -
xOi)Zexp o) +0e 1) 5«71 8i2[my]
s=1



Our algorithm: Optimistic Hedge with adaptive learning rate™’*”

Syrgkanis et al. (2015): Optimistic Hedge with constant learning rate for the honest

regime .
t . X . . o .

x( )(I) / exp gs(i) +9c 1(i) ;ox 1, 8i 2 [my]

s=1

Ours: Optimistic Hedge with adaptive I(Iaa'rning rate for the corrupted regime (ot formally defined)
S

b o | =2
(t) (3 (t) . . . (t) _ Igg+(mx)
xWi) /L 1)+ I ; = L
(i) / exp « gs(i) + e 1(i) X log., (Mx)+ g:ikg(s) g k3

s=1
with log, (z) = maxflogz; 4g.

This is a vpery standard choice of learning rate (recall AdaGrad), but adjusted to satisfy
® 1=2
X - .



Main result (1): Regret upper bound in the corrupted regime®’*”

Cumulatlvegorruptlon of stratelgles and utilities
@X—P bftkl,@x—Ptlk@ ki , and Cx = & + 26;.
® = t:1|<t:\, ki, & = [ kefki ,and C, = ®, +26,.
Regret upper bounds of the X-player:

Honest regime Corrupted regime

P ——
Syrgkanis et al. (2015)  log(mxmy) log(mymy) + T logmy + Cx
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Cumulatlvegorruptlon of stratelgles and utllltles
&=" T ki, &= L lk@ ki , and Cx = & + 26;.

P pr
& =" T k", & = [ keki ,and C, =B +26,.
Regret upper bounds of the X-player:
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q__
The bound Reng;g - @y + @X in the corrupted regime ...

p_
smoothly interpolates between the G(1) regret in the honest regime and the G(" T)
regret in the adversarial scenario (noting Cy 2 [0;3T]).



Main result (1): Regret upper bound in the corrupted regime®’*”

Cumulatlvegorruptlon of stratelgles and utllltles
& =" T kb, & =T ke'k; ,and Cx =& +26,.

P P
& =" T k", & = [ keki ,and C, =B +26,.
Regret upper bounds of the X-player:

Honest regime Corrupted regime
P ——
Syrgkanis et al. (2015)  log(mxmy) log(my) + T logmy + Cy o
Ours log(mymy)logmy  min = (log(mymy) + Cx + Cy) log my ; IDT logmy, +Cy

q__
The bound Reng;g - @y + @X in the corrupted regime ...

. . : P—
smoothly interpolates between the G(1) regret in the honest regime and the G(" T)

regret in the adversarial scenario (noting Cy 2 [0;3T]).
incentivizes players to follow the given algorithm: q_

I any deviation by an opponent incurs only a square-root penalty @g,
I whereas a deviation by a player from the given algorithm incurs a linear penalty &.
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qg—
Proof sketch of Reg;g - @y +®

(omitting corruption of utilities, log and const factors)

Use the standard analysis of Optimistic Hedge:
X )
Regg;g = « mzi)r(n)< tith , g(t)l tlhb(t); g (t)l 0(): suggested strategy



17 /a2

qg—
Proof sketch of Reg;g - @y +®

(omitting corruption of utilities, log and const factors)

Use the standard analysis of Optimistic Hedge:

1 X X 1
T . (Oq ) (t 1)p2 o
Regb;g - )((T+1) + . X kg g kl . 4 )((t)

ki(t+1) (02
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Proof sketch of Reg,., - @y +®,
(omitting corruption of utilities, log and const factors)
Use the standard analysis of Optimistic Hedge:
1 X X 1
Reg;—;g - W‘F )(()kg(t) g(t l)k%L mkb(t—H') b(t)k%
U t=1 t=1% x
U< x
e kg® gt Dk kb® ot Dk (defof (& Y 1:'0*)

t=1 t=1
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Proof sketch of Reg,., - @y +®,
(omitting corruption of utilities, log and const factors)
Use the standard analysis of Optimistic Hedge:
1 X X 1
Reng;g -t )((t)kg(t) gt DK mkk,(tﬂ) (k2
N t=1 t=1 7 x
!L'Jéj( > ®g O P35
] kg® gt Dk kb ot VK2 (defof ) & ) 1= 2)
t=1 t=1
P
The first term is evaluated as (recalling & =~ T_ ky® $®k;)
X X X
t=1 t=1 t=1

X X X
4 ky® PO L4 kp® P VK2 B 4 kp®  pt D2
t=1 t=1 t=1
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Proof sketch of Reg;g i @y +® (cont'd) /

Previous slide:

X

mCC<

X
kg® gt DKy ki) ot k2.

t=1 t=1

Reg;r,;g -

X
kg® g 1)k21 ) @y+ kp®  p(t l)k%;
t=1 t=1
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Proof sketch of Reg,; - ®, + & (cont’d) o

Previous slide:

X

mCC<

t) gt K2 X (1) Rt 2.

t=1 t=1

Reg;r,;g -

X
kg® g 1)k21 ) @y+ kp®  p(t l)k%;
t=1 t=1

Combining these two and using jRegg;g Reglgj @X give

Reng;g ngg;g + @x

ul
x x
CBE LT g vie T ke® gt D2

t=1 t=1
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Proof sketch of Reg,; - ®, + & (cont’d) o

Combining these two and using jReg;g;g Reng;gj ®, give
RegI;g Bﬁgg;g + d@x

u
X X
; %d?y + kp® Pt D3 kib® Bt V2 4 &, :
t=1 t=1
Similarly, we have

X
Reg;;\ - %@ + b(t bt DK2 kp(®  pt D3 4 @y :
t=1 t=1
Summing up these two inequalities gives ...



q_
Proof sketch of Regl., . & + & (cont’d) e

Summing up these two inesualities gives

X
Regy.q + Regy. - %@y + kp® Pt DK 4 %@ - kb(t p(t 1k
t=1 t=1

X
kb® B V2 4 kp®  p V2 L+,
t=1
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Proof sketch of Reg,; - ®, + & (cont’d) o

Summing up these t\w/o inequalities gives

ul
X
RegI;g + Reg;',—;\ - %@y +
t

v
ul
X
kip(®) ot 1)k§+%@x+ kib(®) ot k2

=1 t=1

kb® B D2 4 kp®  p D2 L 1+
t=1

. 1 j—< 1),2
(Cauchy-Schwarz) - @X + @y + @X + @y 5 kk)(t) k)(t l)k% + kYJ(t) p(t )k1

t=1
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Proof sketch of Reg,; - ®, + & (cont’d) o

Summing up these t\w/o inequalities gives

ul
X
RegI;g + Reg;',—;\ - %@y +
t

v
ul
X
kip(®) ot 1)k§+%@x+ kib(®) ot k2

=1 t=1

kb® B D2 4 kp®  p D2 L 1+
t=1

d 1 X 1),2 1),2
(Cauchy-Schwarz) - @X + @y + @X + @y 5 kk)(t) k)(t )kl + kjb(t) p(t )k1
t=1
Since RegXT;g + Reg; 0 (from the definition of the Nash eq), ...
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Proof sketch of Regl., . & + & (cont’d) e

Since Reng;g + Reg;',—;« 0 (from the definition of the Nash eq),

X q
kb® B VK2 4 kp®  pt VK2 B4+ + B+

t=1
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Proof sketch of Reg,; - ®, + & (cont’d) o

Since Reng;g + Reg;',—;« 0 (from the definition of the Nash eq),

X q
kb® B VK2 4 kp®  pt VK2 B4+ + B+

t=1

Recalling that RegXT; is upper bouned as

=

P
Reng;g - ®V+H2—:1ky’(t) bt Dkg {_ikb(®)  pt VK2 + &, ;
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qg—
Proof sketch of Reg;g i @y +® (cont'd)

Since Reng;g + Reg;',—;« 0 (from the definition of the Nash eq),

X q
kb® B VK2 4 kp®  pt VK2 B4+ + B+

t=1

Recalling that Reg; is upper bouned as

=

P
Reng;g - ®V+H2—:1ky’(t) bt Dkg {_ikb(®)  pt VK2 + &, ;

we obtain r

q
Regly - B+8+8+8+8 . & +8;

as desired.
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qg—
Proof sketch of Reg;g i @y +® (cont'd)

Since Reng;g + Reg;',—;« 0 (from the definition of the Nash eq),

X q
kb® B VK2 4 kp®  pt VK2 B4+ + B+

t=1

Recalling that Reg; is upper bouned as

=

P
Reng;g - ®V+H2—:1ky’(t) bt Dkg {_ikb(®)  pt VK2 + &, ;

we obtain r

q
Regly - B+8+8+8+8 . & +8;

as desired.

Deriving the regret upper bounds for two-player zero-sum games is straightforward!
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Lower bounds
Learning in corrupted multi-player general-sum games

Conclusion and discussion



Main result (2)-(i): Lower bound in terms of € and G 2w

following upper bound (omitted in the theorem above):
ng p_____©
RegI;g - min  (log(mymy) +Cyx +Cy)logmy; T logmy +&:

If corruption occurs only in X-player's observed utilities (i.e., =08 = & =0),
aq___
RegXT;g =0( Glogmy);

which matches the following lower bound:



Main result (2)-(i): Lower bound in terms of € and G 2

following upper bound (omitted in the theorem above):
ng p_____©
RegI;g - min  (log(mymy) +Cyx +Cy)logmy; T logmy +&:

If corruption occurs only in X-player's observed utilities (i.e., =08 = & =0),
aq___
RegXT;g =0( Glogmy);

which matches the following lower bound:

Theorem (Lower bounds in the corrupted regime)

For any learning dynamics,
_ . P
(i) there exists a corrupted game with i kg® @®ky & such that
RegXT;g — Reg;g;g =Q &logmy ;

P p
(there exists a corrupted game with [ k') &bk, & such that Reg;e = Reg;—;e =Q € logmy :)



Main result (2)-(i): Lower bound in terms of € and G 22

P p
Construct a corrupted game with [ kg™ g®Wki & such that Regy.,, = Reg,, = & logmy :

Idea. Let A =0 and use the following lower bound for online linear optimization over

simplex:

3«
8A|g1 99(1)1,Q(T0) 2 [O’ ]_]mx; Xrgzx hx X(t),g(t)i = Q(pTO Iogmx):
™ =1



Main result (2)-(i): Lower bound in terms of € and G 22

P p
Construct a corrupted game with [ kg™ g®Wki & such that Regy.,, = Reg,, = & logmy :

Idea. Let A =0 and use the following lower bound for online linear optimization over
simplex:

X | © S
8Alg; 9g);:::;g(To) 2 0; 1]™; max hx  x®:g®Mi=0qC Tologmy):
X myx
t=1
Igoof For rounds t = 1;:::;&=2, the expected reward vectors g(t) are corrupted so that
@x_zkg ® gk, @X, and no corrupt|o8n occurs beyond this. Then, since A = 0, S
X <6 X =
Regl  — x(1):-@O)j— (). @V (1) Ay (Dj
e8x.g Xrga&f1X hx e\i= xnéi);x- hx  x';e\Wi+ hx  x'; Ay |;
t=1 =1 t=C=2+1
S22 —
= max hx  x®:g®i Q  Glogmy : O
X ZAmX

t=1
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Main result (2)-(ii):
Lower bound for the player’s own strategy deviation

Regret caused by the pIayr%s own deviation from the suggested strategies ®(t); p(t)
(0]

p____
RegI;g - min  (log(mymy) +Cyx +Cy)logmy; T logmy +Cy

If corruption occurs only in X-player's strategies (i.e., @y =& =G =0),
Reg;g = 8(d,);

which matches the following lower bound:



Main result (2)-(ii): 23 /%

Lower bound for the player’s own strategy deviation

Regret caused by the pIayr%s own deviation from the suggested strategies ®(t); p(t)
(0]

p____
RegI;g - min  (log(mymy) +Cyx +Cy)logmy; T logmy +Cy

If corruption occurs only in X-player's strategies (i.e., ®, = & =8 =0),
Reg;g = 8(d,);

which matches the following lower bound:

Theorem (Lower bounds in the corrupted regime)

For any learning dynamics, P

(ii) there exists a corrupted game with | kx(® Mk, & such that
Reg;{;g = Reg;!—;g = Q(@x);
(there exists a corrupted game with = _ ky(®  pMk; & such that Regy. = Reg;‘3 =Q(®&))
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Main result (2)-(ii):
Lower bound for the player’s own strategy deviation

P
Construct a corrupted game with [ kx® ®®k; & such that Regl., = Regy., = (&):

Idea. Construct a payoff matrix with an action with a low reward, and then design
corrupted strategies that select the action. In particular, consider
11 1 C
t (t) _ e _
A:E E g o 8O+E0 e t=1 8=
11 1 fo(t) t=®=2+1:::::T
00 0



Main result (2)-(ii):
Lower bound for the player’s own strategy deviation

24 /a2

P
Construct a corrupted game with [ kx® ®®k; & such that Regl., = Regy., = (&):

Idea. Construct a payoff matrix with an action with a low reward, and then design
corrupted sgategies that _select the action. In particular, consider

11 1 C

A:E § and x(® = B + oY) =em, t=1;@=2
L L o® t=8=2+1;::;T
00 0

since A~x(t) = 0.



Hence, for any X 2 Am,,

S Se 2 5
xW:g®i=" mx:;Ay®i= hx;1 epni= 7"(1 x (my)); (1)

hx .
t=1 t=1 t=1
where we used hx(t);Ay(t)i =0, Ay(t) =1 e, and x 2 Ap,. Therefore,
T X (t): g0
Regy.q = rgzﬁx hx — x™;g'tMi
g! ) o
<Gy& j’( =
= max _ hx xW;g®j4 hx  x®;ay®j
X ZAmX - t=1 7@ ~ -
s t=0=2+1 o
< j’( =
(by (1)) = max _ —=(1 x (my))+ hx  x®:1 e,
X 20my = 2 b= ;
8 t= X—2+1 9
=@ X )
_ = ) it
L x () + (Om) x (m)). S O
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Lower bound for the opponent’s strategy deviation

n 0
Our upper bound: Regy., - min P (log(mxmy) + Cx + Cy) log me: P logmy +Cx

If corruption occurs only in y-player’s strategies (i.e., & = & = & =0),
Regg;g =0 @y : Reggf =0 @y :

which matches the following lower bound:
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Main result (2)-(iii):
Lower bound for the opponent’s strategy deviation

n 0
Our upper bound: Regy., - min P (log(mxmy) + Cx + Cy) log me: P logmy +Cx

If corruption occurs only in y-player’s strategies (i.e., & = & = & =0),
T H T N
Regp.q = 6 ® ; Regy. = @ ®

which matches the following lower bound:

Theorem (Lower bounds in the corrupted regime)

For any learning dynamics,

(iii) there exists a corrupted garp with thlky(t) Pk, &, such that
max Regbg, Regp -0 ® ;
(there exists a corrupted game with P T kx®  pM®Kk; & such that max Regy i Regy. =Q & )

Similar to the lower bounds of Syrgkanis et al. (2015) and Chen and Peng (2020), but
their bounds are for Hedge and are not for corrupted games



Main result (2)-(iii):
Lower bound for the opponent’s strategy deviation

27 / a2

P P
Construct a corrupted game with ~ [_ ky® p®k; & such that max Regy ;Reg). = ®, .
Proof sketch. It suffices to prove
q— q—
9 absolute const > 0; Reg;;‘ < @y =) Regg;g &,
. 10 1
Consider A = 0 1 1 optimal action of y-player
Fort=1;:::; @y=2, use the lower bound for online linear optimization over simplex:
Pé - N

MaXx2Am,  toq MX R(®); g(Of % @y: (choose y(® such that g = Ay (D)

X-player's regret after round t = ®,=2 + 1 is lower bounded by d@y.
aqa—- 9g— aq—
Choosing = 1=4 gives Reg;—;g % @y ® = @y :
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Introduction

I Two-player zero-sum games, Nash equilibrium
1 Nash equilibrium and no-regret dynamics

I Fast convergence in games

1 Research questions

Learning in corrupted two-player zero-sum games
Lower bounds
Learning in corrupted multi-player general-sum games

Conclusion and discussion
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Zero-sum games: Players have exactly opposed interests
General-sum games: Players may have partially aligned interests
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Zero-sum games: Players have exactly opposed interests
General-sum games: Players may have partially aligned interests

n  2: the number of players
Each player i 2 [n] has an action set A; with jAjj = m; and
a utility function u;: A; Ay T [ 1;1]
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Zero-sum games: Players have exactly opposed interests
General-sum games: Players may have partially aligned interests

n  2: the number of players
Each player i 2 [n] has an action set A; with jAjj = m; and
a utility function u;: A; Ay T [ 1;1]

1. Each player i 2 [n] selects a strategy Xi 2 Ap,;
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Zero-sum games: Players have exactly opposed interests
General-sum games: Players may have partially aligned interests

n  2: the number of players
Each player i 2 [n] has an action set A; with jAjj = m; and
a utility function u;: A; Ay T [ 1;1]

1. Each player i 2 [n] selects a strategy Xi 2 Ap,;

2. Each player i gains a reward of Ea, x;:man xo[Ui(815:0 75 @n)]-
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Example of general-sum games

Example 1. Lunch dilemma (known as battle of the sexes, Bach or Stravinsky)
Players 1 and 2 want to have lunch together,
but have a choice between two restaurants (Cake or Ramen) to go
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Example of general-sum games

Example 1. Lunch dilemma (known as battle of the sexes, Bach or Stravinsky)
Players 1 and 2 want to have lunch together,
but have a choice between two restaurants (Cake or Ramen) to go

player 2 8
@ utility functions
player 1 g — % %

nooA . 30
I player 1 & |32 100 0 2

\\ g . -

player 2 o @ 0; 0 2; 3 0 3
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Example of general-sum games

Example 1. Lunch dilemma (known as battle of the sexes, Bach or Stravinsky)
Players 1 and 2 want to have lunch together,
but have a choice between two restaurants (Cake or Ramen) to go

player 2 g
@ utility functions
player 1 g — % %

nooA b 30

I player 1 % 3;2 0:0 0 2

g L s 0
T o P

Nash eq: (pure) (Cake,Cake), (Ramen,Ramen),
(mixed) Cake with prob. 3=5 and Ramen with prob. 2=5 (for player 1)



Example of general-sum games (cont’d) 31/

Example 2. Game of chicken: two-player “STOP-or-GO" at intersection game



Example of general-sum games (cont’d) 31/

Example 2. Game of chicken: two-player “STOP-or-GO" at intersection game

player 2 @R
STOP or GO? SToP GO utility functions
¢
STOP or GO? ) ) _ 0 0
A player 1 STOP 0;0 0;1 =1 100
o)
100; = O 1
Go | 1:0 0 100
100
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